In this paper, we study the singularities of two extended Ricci flow systemsconnection Ricci flow and Ricci harmonic flow using newly-defined curvature quantities. Specifically, we give the definition of three types of singularities and their corresponding singularity models, and then prove the convergence. In addition, for Ricci harmonic flow, we use the monotonicity of functional να to show the connection between finitetime singularity and shrinking Ricci harmonic soliton. At last, we explore the property of ancient solutions for Ricci harmonic flow.
Introduction
The Ricci flow theory which was founded by Richard Hamilton in 1980s has a big influence on differential geometry. It is a very good tool to study the structure and characterization of some manifolds and led to the solutions of Poincaré conjecture and geometrization conjecture. When considering the solutions of the Ricci flow equation, it is inevitable to make contact with singularities. That is, the flow stops as a result of the degeneration of some geometric quantities. In this situation, in order to make the flow continue past the singularities, we should adopt the method of geometric surgery introduced by Grigori Perelman. This is the key point in proving the Poincaré conjecture On the basis of Ricci flow, in recent years, some extended Ricci flow systems began to be researched by people. The followings are two of them.
The first one is connection Ricci flow (CRF). Its equation is
where H is a closed 3-form on manifold M n , H ij = g pq g rs H ipr H jqs , and ∆ LB = −dd * − d * d represents the Laplace-Beltrami operator.
The second one is Ricci harmonic flow. Its equation is ∂ ∂t g = −2Rc + 2α∇φ ⊗ ∇φ,
2) Theorem 1.2. For any maximal solution to Ricci harmonic flow which satisfies the injectivity radius estimate and is of Type I, IIa, IIb, or III, there exists a sequence of dilations of the solution which converges in the C ∞ loc topology to a singularity model of the corresponding type.
In §4.2, we prove a theorem concerning the finite-time singularity and shrinking soliton on closed manifolds. Theorem 1.3. Let (g(t) , φ(t)) t∈[0,T ) , be a maximal solution to the Ricci harmonic flow (1.2) on a closed manifold M m with singular time T < ∞. Let t k → T be a sequence of times such that Q k = Q(p k , t k ) → ∞. If the rescaled sequence (M m , Q k g(t k + Q −1 k t), φ(t k + Q −1 k t), p k ) converges in the C ∞ sense to a closed ancient solution (M m ∞ , g ∞ (t), φ ∞ (t), p ∞ ) to the Ricci harmonic flow, then (g ∞ (t), φ ∞ (t)) must be a shrinking Ricci harmonic soliton.
In the third part, we study the ancient solution of Ricci harmonic flow by dealing with the compact case and noncompact case respectively. Theorem 1.4. Let (g(t) , φ(t)) be an ancient solution to Ricci harmonic flow (1.2) on manifold M m , then for any t such that the solution exists, we have S = R − α|∇φ| 2 ≥ 0. That is, the scalar curvature is always nonnegative.
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Preliminaries
In this section, we collect and derive some results about connection Ricci flow and Ricci harmonic flow. Except for Theorem 2.9, all the results have been well known before.
Connection Ricci flow
Connection Ricci flow is a generalization of Ricci flow to connections with torsion and can be seen as a special case of renormalization group flow which has a physical background. Here we give some main results that will be used in this paper and we suggest the readers to refer [St] and [Li] for more details.
In a Riemannian manifold (M, g), a general connection is defined as
In particular, when τ = 0, it is the usual Levi-Civita connection. In [St] , Streets let the torsion be geometric (that is, g kl τ k ij is a 3-form and dτ = 0) and study this kind of torsions. For a geometric torsion τ , after computation, its curvature tensor is as following where quantities with ∼ are in Levi-Civita connection. From this, the Ricci curvature tensor can be got. It is not symmetric, but has the following symmetric part and skew-symmetric part
With these preparations, we can consider the connection Ricci flow
In another form, it is
Throughout this paper, we use notation H instead of τ . Then the connection Ricci flow equation is exactly (1.1). [St] and [Li] studied connection Ricci flow equation using different methods. The former viewed the equation as the Ricci flow in general manifolds with torsion while the latter considered the equation in torsion-free manifolds and regarded H as a separated 3-form. Both methods serve to get some properties about the flow including short-time existence of solution, evolution equations, compactness theorem and some functionals. In this paper, we adopt Li's method.
The evolution equations under connection Ricci flow are Proposition 2.1. Under (1.1),
where
By (2.7) and ∆ LB H = ∆H + Rm * H, we get Theorem 2.2. Let (M n , g(x, t), H(x, t)) t∈[0,T ] be a complete solution to connection Ricci flow, and K 1 , K 2 are arbitrary given nonnegative constants. If
for all x ∈ M n and t ∈ [0, T ], then there exists a constant C n depending only on n such that
for all x ∈ M n and t ∈ [0, T ].
The derivative estimates
Theorem 2.3. Let (M n , g(x, t), H(x, t)) be a complete solution to connection Ricci flow, and K is an arbitrary given positive constant. Then for each β > 0 and each integer l ≥ 1 there exists a constant C l depending only on l, n, max {β, 1} and K such that if
for all x ∈ M n and t ∈ (0,
In addition, [Zheng] gives the locally derivative estimate. Then we show the compactness theorem.
, p k ) be a sequence of complete pointed solutions to connection Ricci flow for t ∈ (A, Ω) ∋ 0, such that
Then there exists a subsequence
Ricci harmonic flow
Ricci harmonic flow is a combination of Ricci flow and harmonic map flow, where the latter is an important tool to study harmonic map. [List] and [Mue] did detailed research about this topic. Here we mainly introduce the evolution equations and some results about solitons and maximum solutions. After this, we prove the convergence theorem.
Proposition 2.5. Under (1.2), 12) where B ijkl = R piqj R pkql , and N Rm represents the curvature tensor of N n .
If we set
(2.14)
The case ∂ ∂t c =ċ < 0,ċ = 0 andċ > 0 correspond to shrinking, steady and expanding solitons, respectively. If the diffeomorphisms ψ t are generated by a vector field X(t) that is a gradient of some function f (t) on M m , then the soliton is called gradient soliton and f is called the potential of the soliton.
Given a closed manifold (M m , g) and a map φ from M m to a Riemannian manifold N n , define
where R represents the scalar curvature with respect to g, the infimum is attained throughout all functions f ∈ C ∞ (M m ). It is easy to know that λ α is the first eigenvalue of the operator −4∆ + R − α|∇φ| 2 . Similar to Ricci flow, for each τ > 0, there exists a smooth minimizer of µ α (g, φ, τ ). The functional ν α is defined by
By §4.2, we know ν α (g, φ) may be −∞. For the functional ν α , we have the following significant monotonicity proposition under Ricci harmonic flow.
Proposition 2.7. Let (g(t), φ(t)) be a solution to (1.2) on a closed manifold M m with α a constant. For a constant T > 0, set τ (t) = T − t, then µ α (g(t), φ(t), τ (t)) is nondecreasing whenever it exists. Moreover, the monotonicity is strict unless (g(t), φ(t)) is a shrinking soliton.
As for the long-time existence of Ricci harmonic flow, there is the following theorem.
Theorem 2.8. Let (g(t) , φ(t)) t∈[0,T ) be a solution to (1.2). Suppose T < ∞ is chosen such that the solution is maximal, i.e. the solution cannot be extended beyond T in a smooth way. Then the curvature of (M m , g(t)) has to become unbounded for t ր T in the sense that lim sup
In order to deal with the singularity model, we also need the compactness theorem for Ricci harmonic flow. The following theorem is what we will prove in this section.
, be a sequence of complete pointed solutions to Ricci harmonic flow such that
The proof is a standard procedure given by Richard Hamilton which has already solves the compactness theorem in Ricci flow and connection Ricci flow. Here we only need to prove the following lemma which plays a vital role in the proof of the theorem.
, for all k, r = 0, 1, 2, · · · , for some positive constants C ′ , C r , C ′ r independent of k, where Rm k are the curvature tensor of the metrics g k (t), ∇ k denote covariant derivative with respect to g k (t), | · | k are the length of a tensor with respect to g k (t), and | · | is the length with respect to g. Then the metrics g k (t) satisfyC
for all k, whereC r,s are positive constants independent of k.
Proof. First, the equation
and the assumption (c) give thatC
For the second part of the conclusion. When s = 0, we divide the proof into two parts. That is, we will prove the following
Here we show the case of r = 1, 2, and the higher covariant derivative cases can be derived by the same argument. Taking the difference of the connection Γ k of g k and the connection Γ of g with Γ being fixed in time, we get
and by assumption (c) and (2.15),
For time t = 0, at a normal coordinate of the metric g at a fixed point, note that
then by assumption (b) and (2.15)
Integrating over time we deduce that
Again using assumption (c), (2.15) and (2.17), we have
Thus by combining with assumption (b) we get bounds 
This, combined with assumption (b), gives the bounds
whereC ′′ 1,0 is a positive constant independent of k. The case of r = 1 is finished. Next we begin to deal with the case of r = 2. In order to bound ∇ 2 g k , again regarding ∇ as fixed in time, we know
where we have used (2.16). Then using assumption (c), (2.15), (2.17) and (2.18), we have
Thus by combining with assumption (b) we get bounds
whereC ′ 2,0 is a positive constant independent of k. Similarly, assumption (c), (2.15) and (2.17) also indicate
whereC ′′ 2,0 is a positive constant independent of k. The case of r = 2 is also proved. In the end, we discuss the case s ≥ 1 in the second part of the conclusion. Since
using the evolution equations for curvature, by induction, we can see that the above two quantities are bounded by a sum of terms which are products of
3 Singularities of connection Ricci flow
Maximal solution of connection Ricci flow
Before studying the singularities of connection Ricci flow, first giving the definition of maximal solution.
Definition 3.1. Suppose (g(t), H(t)) t∈[0,T ) is a solution to the connection Ricci flow (1.1) on M n , where either M n is compact or at each time t the metric g(·, t) is complete and has bounded curvature. We say that (g(t), H(t)) is a maximal solution if either T = ∞ or T < ∞ and lim
Remark 3.2. In fact, on M n , both the curvature and the 3-form evolve under connection Ricci flow. Hence the flow will end if any one of them goes to infinity. However, according to Theorem 2.2, if |H| 2 goes to infinity, then it can be indicated that |Rm| must also go to infinity. So the definition of maximal solution can still be given by the unboundedness of |Rm|.
Three types of singularities and singularity models of connection Ricci flow
By §3.1, if connection Ricci flow has finite-time singularities, then
where T is the maximum time. However, unlike Ricci flow, for connection Ricci flow, we cannot know how |Rm| goes to infinity near maximum time. To deal with this problem, we define a new curvature quantity. Definition 3.3. For connection Ricci flow, we call P = |Rm| + |∇H| + |H| 2 the absolute compound curvature (AC curvature).
Under this definition, if connection Ricci flow has finite-time singularities, then
Remark 3.3. By (2.1), the three terms in the AC curvature defined above are exactly terms in the curvature on manifold which has H as its torsion. So in the view of geometry, the AC curvature stands for the real curvature bound here.
Proposition 3.4. If 0 ≤ t < T < ∞ is the maximal interval of existence of the solution (M n , g(t), H(t)) to connection Ricci flow, there exists a constant c 0 > 0 depending only on n such that sup
Proof. By Proposition 2.1,
Using Cauchy inequality,
This gives
C, C 1 , C 2 above are all constants depending only on n. Whenever the supremum is finite, we set
By the maximum principle, we have
Integrating this inequality from t to τ ∈ (t, T ) and using the fact that lim inf
we obtain
Hence sup
.
According to this result, we can classify the singular solutions of connection Ricci flow.
Definition 3.5. Define the following three types of singularities of connection Ricci flow (T is the maximum time), Type I singularity:
Type IIa singularity:
Type IIb singularity:
Type III singularity:
Similar to Ricci flow, we can then give the definition of three singularity models.
, H(t)) to the connection Ricci flow (1.1), where either M n is compact, or at each time t, the metric g(·, t) is complete and has bounded AC curvature, is called a singularity model if it is not flat in the sense of AC curvature (P ≡ 0) and of one of the following three types:
Type I singularity model: The solution exists for t ∈ (−∞, ω) for some constant ω with 0 < ω < ∞ and for any x ∈ M n , any t ∈ (−∞, ω),
with equality at t = 0 and a point y ∈ M n . Type II singularity model: The solution exists for t ∈ (−∞, +∞), and for any x ∈ M n , any t ∈ (−∞, ω), P (x, t) ≤ 1, with equality at t = 0 and a point y ∈ M n . Type III singularity model: The solution exists for t ∈ (−a, +∞), for some constant a with 0 < a < ∞ and for any x ∈ M n , any t ∈ (−∞, ω),
with equality at t = 0 and a point y ∈ M n .
In order to use compactness theorem (Theorem 2.4), we then define the injectivity radius estimate.
, H(t)) to the connection Ricci flow on the time interval [0, T ) is said to satisfy an injectivity radius estimate if there exists a constant c I > 0 such that
Following is the main result of this section.
Theorem 3.8. For any maximal solution to the connection Ricci flow which satisfies the injectivity radius estimate and is of Type I, IIa, IIb, or III, there exists a sequence of dilations of the solution which converges in the C ∞ loc topology to a singularity model of the corresponding type.
We will prove this theorem in next subsection.
Convergence of the dilated solutions to connection Ricci flow
Consider the solution (M n , g(t), H(t)) to the connection Ricci flow (1.1), where either M n is compact, or at each time t, the metric g(·, t) is complete and has bounded AC curvature. To dilate, we choose (x i , t i ) such that
and
in which c 1 , c 2 ∈ (0, 1], and s i satisfies (t i − s i ) sup M n P (·, t i ) → ∞ (usually we set s i = 0). Once we have chosen a sequence {(
, 4) in the time interval
(The right endpoint is ∞ if T = ∞.) It can be easily verified that after this dilation, they are still solutions to connection Ricci flow. And the AC curvature of the new metric g i and 3-form H i has norm 1 at the point x i and the new time 0:
This guarantees that the limit of the pointed solutions (M n , g i (t), H i (t), x i ), if it exists, will not be flat in the sense of AC curvature.
Assuming (3.2) and (3.3), one has the uniform AC curvature bound
for all x ∈ M n and t ∈ [−(t i −s i )P (x i , t i ), 0]. Combined with the above injectivity radius estimate, by Theorem 2.4, there exists a subsequence of the pointed sequence (M n , g i (t), H i (t), x i ) converges to a complete pointed solution (M n ∞ , g ∞ (t), H ∞ (t), x ∞ ) to connection Ricci flow on an ancient time interval −∞ < t < τ ≤ ∞. This solution satisfies
Limits of Type I Singularities. Given a Type I singular solution (M n , g(t), H(t)) on [0, T ), define Ω sup
and ω lim sup t→T P (·, t) · (T − t).
By Proposition 3.4, we have
Taking a sequence of points and times (x i , t i ) with t i ր T such that
Consider the dilated solutions (g i (t), H i (t)) to connection Ricci flow defined by (3.4). By the definition of ω, there is for every ǫ > 0 a time t ǫ ∈ [0, T ) such that
for all x ∈ M n and t ∈ [t ǫ , T ). The AC curvature norm of g i and H i then satisfies
, H i (t)} exists, we can let i → ∞ and then ǫ → 0 in estimate (3.9) to conclude that
for all x ∈ M n ∞ and t ∈ (−∞, ω). Because P i (x i , 0) = 1 for all i, the limit satisfies
Limits of Type IIa Singularities. Given a Type IIa singular solution (M n , g(t), H(t)) to connection Ricci flow on [0, T ), first let T i and c
Then take a sequence {(x i , t i )}, such that t i ր T , and
(3.10)
Consider the dilated solutions (g i (t), H i (t)) to connection Ricci flow defined by (3.4).
(3.10) implies that for t ∈ [−t i P (x i , t i ), (T i − t i )P (x i , t i )) we have
or equivalently,
Since T i → T and lim
by the condition of Type IIa singularities, so we have
for the selected points and times (x i , t i ). Hence the pointed limit (M n ∞ , g ∞ (t), H ∞ (t), x ∞ ), if it exists, is defined for all t ∈ (−∞, ∞) and satisfies the uniform AC curvature bound
with equality at (x ∞ , 0) because P i (x i , 0) = 1. Limits of Type IIb Singularities. The condition for this type of singularities is
Similar to the Type IIa case, let T j → ∞ and choose (x i , t i ) such that
(3.11) and (3.12) guarantee that α i → ∞ and ω ′ i → ∞. This is because 1 α
, if it exists, is defined for all t ∈ (−∞, ∞) and satisfies the AC curvature bound
Limits of Type III Singularities. If the solution (M n , g(t), H(t)) to connection Ricci flow is a Type III singularity, then it exists for t ∈ [0, ∞) and satisfies
First we need to show that a is strictly positive. By the conclusion in Riemann geometry, for a fixed curve γ joining two points p 1 , p 2 ∈ M n , under connection Ricci flow, the length of the curve evolves like
Next we argue by contradiction. Assume a = 0, then we have Claim. If there is an ǫ = ǫ(n) > 0 small enough such that (3.13) then there exist C < ∞, δ > 0 and T ǫ < ∞ depending only on n such that
for all t ≥ T ǫ . To prove this claim, let γ : [a, b] → M n be a fixed path, then
ds.
If (3.13) holds for some ǫ > 0, there exists a time T ǫ < ∞ such that for all t > T ǫ , we have
In particular,
for all t ≥ T ǫ , where C depends only on n. Hence
In particular, if we choose 0 < ǫ < 1 2C , then any two points in (M n , g(t)) can be joined by a path of length
This implies (3.14) and proves the claim. Using the claim, let Ω
Since Ω ′ C 2 t −2δ → 0 as t → ∞, this contradicts the injectivity radius estimate! Hence our original assumption is false, that is a > 0.
By the definition of a, there exist sequences (x i , t i ) with t i → ∞ such that
Choose any such sequence. Also by the definition of a, there is for any ξ > 0 a time
for all x ∈ M n and t ∈ [T ξ , ∞). The dilated solutions (g i (t), H i (t)) exist on the time intervals [−a i , ∞) and satisfy
Note that for any fixed ξ > 0, we have
, if it exists, is defined for t ∈ (−a, ∞) and satisfies
To sum up, we finish the proof of Theorem 3.8.
4 Singularities of Ricci harmonic flow 4.1 Singularity models and convergence of dilated solutions
By Theorem 2.8, if Ricci harmonic flow has finite-time singularities, then
where T is the maximum time. Similar to the case of connection Ricci flow, define an AC curvature
Similarly, if Ricci harmonic flow has finite-time singularities, then
Besides, here we also have Proposition 4.1. If 0 ≤ t < T < ∞ is the maximal interval of existence of the solution (M m , g(t), φ(t)) to Ricci harmonic flow, there exists a constant c 0 > 0 depending only on m, α and the curvature of manifold N n such that
Proof. By Proposition 2.5,
After computation, we can also get
for a constant C > 0 depending only on m, α and the curvature of manifold N n . The following is like that in the proof of Proposition 3.4.
Replace the P in the case of connection Ricci flow by Q, we can then obtain the classification of singular solutions, singularity models and convergence of dilated solutions of Ricci harmonic flow.
Definition 4.2. Define the following three types of singularities of Ricci harmonic flow (T is the maximum time), Type I singularity:
Then the definition of the corresponding three types of singularity models
, φ(t)) to the Ricci harmonic flow (1.2), where either M m is compact, or at each time t, the metric g(·, t) is complete and has bounded AC curvature, is called a singularity model if it is not flat in the sense of AC curvature (Q ≡ 0) and of one of the following three types: Type I singularity model: The solution exists for t ∈ (−∞, ω) for some constant ω with 0 < ω < ∞ and for any x ∈ M m , any t ∈ (−∞, ω),
with equality at t = 0 and a point y ∈ M m . Type II singularity model: The solution exists for t ∈ (−∞, +∞), and for any x ∈ M m , any t ∈ (−∞, ω), Q(x, t) ≤ 1, with equality at t = 0 and a point y ∈ M m . Type III singularity model: The solution exists for t ∈ (−a, +∞), for some constant a with 0 < a < ∞ and for any x ∈ M m , any t ∈ (−∞, ω),
with equality at t = 0 and a point y ∈ M m .
The injectivity radius estimate for Ricci harmonic flow,
, φ(t)) to Ricci harmonic flow on the time interval [0, T ) is said to satisfy an injectivity radius estimate if there exists a constant c I > 0 such that
Then we give the convergence of dilated solutions.
Theorem 4.5. For any maximal solution to Ricci harmonic flow which satisfies the injectivity radius estimate and is of Type I, IIa, IIb, or III, there exists a sequence of dilations of the solution which converges in the C ∞ loc topology to a singularity model of the corresponding type.
For Ricci harmonic flow, the dilated solutions are defined as
And note that we have established the compactness theorem (Theorem 2.9) for Ricci harmonic flow. The rest of the proof is the same as that in connection Ricci flow.
Compact blow-up limits of finite-time singularities are shrinking solitons
Analogous to the work for Ricci flow in [Zhang] , we can connect the finite-time singularities of Ricci harmonic flow with shrinking Ricci harmonic solitons.
Theorem 4.6. Let (g(t), φ(t)) t∈[0,T ) , be a maximal solution to the Ricci harmonic flow (1.2) on a closed manifold M m with singular time T < ∞. Let t k → T be a sequence of times such
to the Ricci harmonic flow, then (g ∞ (t), φ ∞ (t)) must be a shrinking Ricci harmonic soliton.
First we derive some estimates about λ α and µ α functionals.
Lemma 4.7. We have the upper bound 2) and the lower bound for τ > m 8 ,
3)
where C s denotes the Sobolev constant for g such that ψ
Proof. By definition, set u = (4πτ ) −m/4 e −f /2 , then M u 2 dV = 1 and so
where we used that −t ln t ≤ 1 for all τ > 0. The upper bound follows by choosing f such that u is the eigenfunction of the first eigenvalue of −4∆ + R − α|∇φ| 2 . As for the lower bound, letf be the minimizer of µ α (g, φ, τ ) for fixed τ > 0 and set u = (4πτ ) −m/4 e −f/2 . We estimate the term − M mū 2 lnū 2 dV by
where we used the Jensen and Sobolev inequality in the first and the second inequality. Then we have
which proves the lower bound if we set τ > m 8 .
Corollary 4.8.
Proof. From the conclusion of [Ro] which indicates that the functional µ α (g, φ, τ ) in Ricci harmonic flow is always attainable by some smooth function, it can be easily seen that
from the first inequality of above lemma,
from the second inequality of above lemma,
It follows that ν α functional is valuable only when λ α > 0. The assumption of our main theorem implies the positivity of λ α along the Ricci harmonic flow. This fact will be proved later.
Proof. First note that µ α (ag, φ, aτ ) = µ α (g, φ, τ ) for any a > 0 by a direct computation. Set V = Vol(g) −2/m , then by the above lemma,
Lemma 4.10. Let (g(t), φ(t)), t ∈ [0, T ), be a solution to the Ricci harmonic flow on a closed manifold M m . If λ α (g(t), φ(t)) ≤ 0 for all t, then there exist constants c 1 , c 2 > 0 depending only on m, α and (g(0), φ(0)), such that for all t ≥ 0 we have Vol(g(t)) ≥ c 1 e −c2t .
Proof. By Proposition 2.7 and Lemma 4.7, we have
where C s (g(0)) denotes the Sobolev constant of (M m , g(0)). Setting
and substituting τ = m 8 into Corollary 4.9, we obtain the estimate
Corollary 4.11. Let (g(t), φ(t)), t ∈ [0, T ), be a maximal solution to the Ricci harmonic flow on a closed manifold M m with T < ∞. If λ α (g(t), φ(t)) ≤ 0 for all t, then any blow-up limit is noncompact.
Proof. Suppose we have a blow-up sequence (
, p k ) of Ricci harmonic flow solutions with Q k → ∞. By assumption and above lemma, we have that the rescaled volume at time zero equals Q m/2 k Vol(g(t k )) → ∞. So the limit has infinite volume and consequently cannot be compact. Now we are ready to give a Proof of Theorem 4.6. By above corollary, we may assume that λ α (g(0), φ(0)) > 0. So Proposition 2.7 uses and there is a limit σ = lim t→T − ν α (g(t), φ(t)). Then for any t ∈ (−∞, 0], by the smooth convergence,
That is, the ν α functional is constant on the limit flow. Then Corollary 4.8 and Proposition 2.7 imply that (g ∞ (t), φ ∞ (t)) must be a shrinking Ricci harmonic soliton.
Ancient solutions of Ricci harmonic flow have nonnegative scalar curvature
In this part, we study the ancient solutions of Ricci harmonic flow in the case of compact and noncompact manifolds. Specifically, the Type I singularity model given by §4.2 is just an ancient solution. First is the compact case.
Theorem 4.12. Let (g(t), φ(t)) be an ancient solution to Ricci harmonic flow (1.2) on a compact manifold M m , then for any t such that the solution exists, we have S = R−α|∇φ| 2 ≥ 0. That is, the scalar curvature is always nonnegative.
Proof. The main idea of the proof is using maximum principle to (2.14)
Suppose there exists a time t 0 ∈ (−∞, Ω) and a point x 0 ∈ M m , such that S(x 0 , t 0 ) < 0, then S min (t 0 ) < 0. Pick some time t 1 < t 0 , integrating (4.4) from t 1 to t 0 yields 1
Since (g(t), φ(t)) is an ancient solution, t 1 can be chosen in the whole interval (−∞, t 0 ). Let
,
But by (4.4), S min increases, which is a contradiction! So the assumption is not true, and the theorem is proved.
As for the noncompact case, refer to the work for Ricci flow in [Chen] , similar conclusion can still be obtained.
Before giving the theorem, we first introduce the following lemma.
Lemma 4.13. Let (g(x, t), φ(x, t)) be a solution to Ricci harmonic flow (1.2) on M m , and denote by d t (x, x 0 ) the distance between x and x 0 with respect to the metric g(t). Suppose Rc(·, t) ≤ (m − 1)K on B t0 (x 0 , r 0 ) for some x 0 ∈ M m and some positive constant K and r 0 . Then at t = t 0 and outside B t0 (x 0 , r 0 ), the distance function d(x, t) = d t (x, x 0 ) satisfies the differential inequality Proof. Let γ : [0, d(x, x 0 )] → M m be a shortest normal geodesic from x 0 to x with respect to the metric g(t 0 ). We may assume that x and x 0 are not conjugate to each other in the metric g(t 0 ), otherwise we can understand the differential inequality in the barrier sense. Let X =γ(0), and let {X, e 1 , · · · , e m−1 } be an orthonormal basis of T x0 M . Extend this basis parallel along γ to form a parallel orthonormal basis {X(s), e 1 (s), · · · , e m−1 (s)} along γ.
Let X i (s), i = 1, · · · , m − 1 be the Jacobian fields along γ such that X i (0) = 0 and X i (d(x, t 0 )) = e i (d(x, t 0 )) for i = 1, · · · , m − 1. Then it is well-known that Make the subtraction and consider that (∇φ ⊗ ∇φ)(X, X) = |∇ X φ| 2 ≥ 0, then the lemma is proved. Now we state and prove the result for noncompact case.
Theorem 4.14. Let (g(t), φ(t)) be a complete ancient solution to Ricci harmonic flow (1.2) on a noncompact manifold M m , then for any t such that the solution exists, we have S = R − α|∇φ| 2 ≥ 0. That is, the scalar curvature is always nonnegative.
Proof. Suppose (g(t), φ(t)) is defined for t ∈ (−∞, T ] for some T > 0. We divide the arguments into two steps.
Step 1: Consider any complete solution (g(t), φ(t)) defined on [0, T ]. For any fixed point x 0 ∈ M m , pick r 0 > 0 sufficiently small so that |Rc|(·, t) ≤ (m − 1)r where C is a positive constant depending only on m. So Claim (4.6) follows.
Step 2: Now if our solution (g(t), φ(t)) is ancient, we can replace t by t − β in (4.6) and get S(·, t) ≥ min − m t − β + K Remark 4.15. By the proof of Theorem 4.12 and Theorem 4.14, provided (g(t), φ(t)) exists in a time interval which goes to −∞, the conclusions hold. Therefore, for eternal solutions of Ricci harmonic flow, we still have the scalar curvature is nonnegative.
